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Abstract
In the SU(3) Einstein-Yang-Mills system sequences of static spherically sym-
metric regular solutions and black hole solutions exist for both the SU(2) and
the SO(3) embedding. We construct the lowest regular solutions of the SO(3)
embedding, missed previously, and the corresponding black holes. The SO(3)
solutions are classified according to their boundary conditions and the number
of nodes of the matter functions. Both, the regular and the black hole solutions
are unstable.
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1 Introduction
The SU(2) Einstein-Yang-Mills system possesses a sequence of static spherically sym-
metric regular particle-like solutions [1], which are unstable [2, 3]. The n-th solution of
the sequence has n nodes and 2n unstable modes [4, 5]. The lowest solution has been
interpreted in analogy to the electroweak sphaleron [6] as the top of a barrier between
vacua [3].
Beside the regular solutions the SU(2) Einstein-Yang-Mills system possesses static
spherically symmetric black hole solutions. There are in fact two different types of
black hole solutions having the same mass. These are the Schwarzschild black holes
with vanishing gauge fields and the SU(2) coloured black holes [7, 8, 9]. Like the regular
solutions the coloured black hole solutions are unstable [10, 11, 5]. Thus for a certain
range of masses the system possesses two distinct types of black holes, providing a
counterexample to the “no-hair conjecture” for black holes, unless the coloured black
holes are discarded as a counterexample because of their instability.
Here we consider static spherically symmetric regular solutions and black holes of
the SU(3) Einstein-Yang-Mills system (with vanishing time component of the gauge
field). Such solutions are obtained for both, the SU(2) embedding and the SO(3) em-
bedding. The SU(2) embedding reproduces the known SU(2) solutions, while the SO(3)
embedding leads to new interesting solutions. Missing the lowest regular solutions, sev-
eral regular SO(3) solutions have been found previously by Ku¨nzle [12], but he did not
succeed in obtaining the corresponding black holes.
We here construct the first few solutions of a new class of regular SO(3) solutions.
These solutions include the lowest regular SO(3) solution, which we have obtained first
as a limiting solution of the SU(3) Einstein-Skyrme system [13] (in analogy to the SU(2)
case [14]). We classify the SO(3) solutions according to their boundary conditions and
the number of nodes of the matter functions.
Analogous to the SU(2) Einstein-Yang-Mills system asymptotically flat SO(3) black
hole solutions emerge from the regular solutions by requiring regularity at a finite event
horizon. We construct the black hole solutions corresponding to the first few solutions
with the least nodes.
The stability of regular and black hole solutions of arbitrary gauge groups has been
studied recently [15]. We apply the theorems of Ref. [15] to demonstrate the instability
of both regular and black hole SO(3) solutions.
2 SU(3) Einstein-Yang-Mills Equations of Motion
We consider the SU(3) Einstein-Yang-Mills action
S = SG + SM =
∫
LG
√−gd4x+
∫
LM
√−gd4x (1)
2
with
LG =
1
16πG
R , (2)
and the matter Lagrangian
LM = −
1
2
Tr(FµνF
µν) , (3)
where
Fµν = ∂µAν − ∂νAµ − ie[Aµ, Aν ] , (4)
Aµ =
1
2
λaAaµ , (5)
and e is the coupling constant. Variation of the action eq. (1) with respect to the
metric gµν and the gauge field Aµ leads to the Einstein equations and the matter field
equations.
To construct static spherically symmetric regular solutions and black holes we em-
ploy Schwarzschild-like coordinates and adopt the spherically symmetric metric
ds2 = gµνdx
µdxν = −A2Ndt2 +N−1dr2 + r2(dθ2 + sin2 θdφ2) , (6)
with
N = 1− 2m
r
. (7)
Generalized spherical symmetry for the gauge field is realized by embedding the SU(2)
or the SO(3) generators Ti in SU(3). In the SU(2)-embedding ~T =
1
2
(λ1, λ2, λ3), and
the ansatz for the gauge field has vanishing time component [1],
A0 = 0 ,
Ai =
1− w(r)
2re
(~er × ~τ)i , (8)
with the SU(2) Pauli matrices ~τ = (τ1, τ2, τ3). In the SO(3)-embedding ~T = (λ7,−λ5, λ2),
and the corresponding ansatz for the gauge field with vanishing time component is
A0 = 0 ,
Ai =
2−K(r)
2re
(~er × ~Λ)i +
H(r)
2re
[
(~er × ~Λ)i, ~er · ~Λ)
]
+
, (9)
where [ , ]+ denotes the anticommutator, and ~Λ = (λ7,−λ5, λ2).
The SU(2)-embedding, eq. (8), leads to the well studied SU(2) Einstein-Yang-Mills
equations [1, 7, 8, 9]. To obtain the SU(3) Einstein-Yang-Mills equations for the SO(3)-
embedding, eq. (9), we also employ the tt and rr components of the Einstein equations,
yielding for the metric functions
µ′ = N(K ′2 +H ′2) +
1
8x2
((
K2 +H2 − 4
)2
+ 12K2H2
)
, (10)
3
A′ =
2
x
(K ′2 +H ′2)A , (11)
where we have introduced the dimensionless mass function
µ =
e√
4πG
m =
emPl√
4π
m (12)
and the dimensionless coordinate x = (e/
√
4πG)r, and the prime indicates the deriva-
tive with respect to x. For the matter field functions we obtain the equations
(ANK ′)′ =
1
4x2
AK
(
K2 + 7H2 − 4
)
, (13)
(ANH ′)′ =
1
4x2
AH
(
H2 + 7K2 − 4
)
. (14)
With help of eq. (11) the metric function A can be eliminated from the matter field
equations. Note, that the equations are symmetric with respect to an interchange
of the functions K(x) and H(x), and to the transformations K(x) → −K(x), and
H(x)→ −H(x), yielding degenerate solutions.
Comparing the equations of the SO(3) embedding to those of the SU(2) embed-
ding [1] shows that to each SU(2) solution there corresponds a scaled SO(3) solution.
Defining x = 2x˜, and µ = 2µ˜ the functions K(x) = 2w(x˜), H(x) = 0 satisfy the SO(3)
equations with coordinate x, when the function w satisfies the SU(2) equations with
coordinate x˜. Thus these SO(3) solutions have precisely double the mass of their SU(2)
counterparts.
3 Regular Solutions
Let us first consider the regular solutions of the SU(3) Einstein-Yang-Mills system.
Requiring asymptotically flat solutions implies that the metric functions A and µ both
approach a constant at infinity, and that the matter functions approach a vacuum
configuration of the gauge field. We here adopt
A(∞) = 1 , (15)
thus fixing the time coordinate, and
K(∞) = ±2 , H(∞) = 0 , (16)
K(∞) = 0 , H(∞) = ±2 . (17)
At the origin regularity of the solutions requires
µ(0) = 0 , (18)
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and the gauge field functions must satisfy
K(0) = ±2 , H(0) = 0 , (19)
K(0) = 0 , H(0) = ±2 . (20)
Because of the symmetries of the SO(3) Einstein-Yang-Mills equations it is sufficient
to study solutions with K(0) = 2 and H(0) = 0. The other boundary conditions lead
to degenerate solutions.
In the following we present some numerical results for the regular solutions of the
SO(3) embedding. In Table 1 we show the mass µ˜ = µ/2 of the lowest SO(3) solutions.
Their ADM mass is
mADM = µ(∞)
√
4π
mPl
e
. (21)
We observe, that the two lowest solutions, missed in the previous analysis by Ku¨nzle
[12], have a smaller mass than the lowest scaled SU(2) solution.
To compare with the SO(3) solutions found by Ku¨nzle [12] we note, that his func-
tions u1 and u2 are related to the functions K and H as follows
u1(x) =
K(x) +H(x)
2
, (22)
u2(x) =
K(x)−H(x)
2
, (23)
with the boundary conditions at the origin u1(0) = u2(0) = 1, and at infinity u1(∞) =
±1 and u2(∞) = ±1.
Let us adopt the classification of the solutions with respect to their boundary con-
ditions at infinity, the nodes (n1, n2) of the functions (u1, u2) [12], and the total number
of nodes n = n1 + n2. We see in Table 1, that the lowest SO(3) solution has the node
structure (0, 1), i. e. n = 1. In contrast, the lowest scaled SU(2) solution, being the
lowest SO(3) solution found by Kuenzle [12], has the node structure (1, 1), i. e. n = 2.
Naturally, the mass of the SO(3) solution with one node only is lower than the mass of
the scaled SU(2) solution with n = 2. But there is a second SO(3) solution with a lower
mass. This solution has the node structure (0, 2), i. e. a total of two nodes like the low-
est scaled SU(2) solution. Evidently, the whole class of solutions with node structure
(0, n) has been missed before [12]. This class contains the lowest SO(3) solution, and
for a given total number of nodes, these new solutions appear to be lowest.
Table 1 further gives the coefficients β1 and β2 for the numerical integration with
the shooting method [12]
u1(x˜) = 1 + β1x˜
2 + β2x˜
3 + ... , (24)
u2(x˜) = 1 + β1x˜
2 − β2x˜3 + ... . (25)
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In Figs. 1-4 we show the lowest SO(3) solution. It is obtained independently in
the limit of vanishing coupling constant on the unstable upper branch of the Einstein-
Skyrme system [13]. The excited solutions and further details will be given elsewhere
[16].
The instability of the regular solutions follows from Theorem 1 of Ref. [15]. There
the instability of the solutions of Ku¨nzle [12] was demonstrated. We find that the
theorem applies also to the new class of solutions with node structure (0, n), including
the lowest mass solution (where α = 1 [15] as well).
4 Black Hole Solutions
We now turn to the black hole solutions of the SU(3) Einstein-Yang-Mills system.
Imposing again the condition of asymptotic flatness, the black hole solutions satisfy
the same boundary conditions at infinity as the regular solutions. The existence of a
regular event horizon at xH requires
µ(xH) =
xH
2
, (26)
and A(xH) <∞, and the matter functions must satisfy at the horizon xH
N ′K ′ =
1
4x2
K
(
K2 + 7H2 − 4
)
, (27)
N ′H ′ =
1
4x2
H
(
H2 + 7K2 − 4
)
. (28)
SO(3) black hole solutions have not been found previously [12]. In Fig. 5 we exhibit
the masses of the lowest SO(3) black holes in terms of the mass fractions outside the
horizon, µout, defined via
mADM =
(xH
2
+ µout
)√4πmPl
e
= µ(∞)
√
4πmPl
e
, (29)
as a function of the horizon xH. For xH → 0 the black hole solutions approach the
regular solutions. With increasing horizon xH these black hole solutions keep their
identity in terms of the boundary conditions and the node structure. Only the second
solution with node structure (1, 1) (#4 of Table 1) disappears. This solution has the
same boundary conditions and node structure as the lowest scaled SU(2) solution (#3 of
Table 1), but a slightly higher mass. It in fact merges into the scaled SU(2) solution at a
horizon of xH = 1.7146, leaving a unique black hole solution with node structure (1, 1).
(The same feature holds for the two solutions with node structure (2,2) of Ref. [12].
The solution with higher mass merges into the solution with lower mass, again a scaled
SU(2) solution, at a horizon of xH = 1.3745.) Note, that the order of the solutions
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changes from the order of the regular solutions as the horizon increases. For instance,
beyond xH = 0.703 solution #5 has a lower mass than solution #3.
In Table 2 we present some properties of the black hole solutions with a horizon
xH = 1, emerging from the first five regular solutions of Table 1, using again the
notation of Ref. [12]. The table contains the values of the functions u1 and u2 at the
horizon, needed for a numerical shooting procedure.
The families of SO(3) black hole solutions change continuously as a function of the
horizon xH. As examples we show the radial functions for the lowest SO(3) black hole
solutions for the horizons xH = 1, 2, 3, 4 in Figs. (1)-(4). Further details of these
solutions and the excited SO(3) Einstein-Yang-Mills black holes will be given elsewhere
[16].
The instability of the black hole solutions follows from Theorem 2 of Ref. [15]. We
find that the theorem applies to all black hole solutions constructed (where α = 1 [15]
as well).
5 Conclusion
The SU(3) Einstein-Yang-Mills system possesses a sequence of regular spherically sym-
metric solutions based on the SO(3) embedding, besides the well-studied sequence based
on the SU(2) embedding [1]. The SO(3) solutions can be labelled according to their
node structure with two integers (n1, n2) and the total number of nodes n. The low-
est solution has node structure (0, 1) and n = 1. The first excited solution has node
structure (0, 2), while the second excited solution, the lowest scaled SU(2) solution, has
node structure (1, 1). The third excited solution [12] has the same node structure as
the lowest scaled SU(2) solution, being only slightly higher in mass. The next solution
then has n = 3, again with node structure (0, n), suggesting that this class of solutions
has the lowest mass for a given total number of nodes.
The regular SU(2) solutions are known to be unstable [2, 3], the solution with n
nodes has 2n unstable modes [4, 5]. The SO(3) solutions are unstable as well, since
Theorem 1 of Ref.[15] applies. It is an interesting open problem to study the number
of unstable modes and find a relation to the number of nodes.
The lowest SU(2) solution has been interpreted in analogy to the electroweak
sphaleron [6] as the top of a barrier between vacua [3]. Furthermore, like the elec-
troweak sphaleron [17, 18], the gravitating sphaleron also possesses a fermion zero
mode [19] and gives rise to level-crossing [19, 20]. It appears to be interesting to study
fermions also in the background of the lowest SO(3) solution.
Corresponding to each regular SO(3) solution there exist black hole solutions. These
solutions keep their identity in terms of the node structure, for arbitrary horizon. If
there are several solutions with the same structure of nodes, solutions may disappear
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by merging with the lowest solution of a given node structure, as is for instance the
case for the lowest scaled SU(2) solution and its excitation with node structure (1,1).
The SU(2) black holes are known to be unstable [10, 11, 5]. The SO(3) black hole
solutions are unstable as well, since Theorem 2 of Ref.[15] applies. It is an interesting
open problem, especially with respect to the bifurcations, to study the number of
unstable modes of the SO(3) black holes.
Since the SU(3) Einstein-Yang-Mills system also contains Schwarzschild black holes,
there are then many static, neutral black hole solutions (including the SU(2) black
holes) for a given mass, enlarging the counterexample to the “no-hair conjecture”. But
only the Schwarzschild solution is stable. The coloured black holes are all unstable.
Charged SU(3) black hole solutions have been considered previously [21], and SU(2)×U(1)
solutions have been constructed [21]. Here a natural extension is to consider charged
SO(3) black hole solutions.
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nodes
µ˜(∞) u1 u2 β1 β2 u1(∞) u2(∞)
1 0.65389 0 1 −.41172 0.25397 1 −1
2 0.81130 0 2 −.60281 0.39068 1 1
3 0.82865 1 1 −.45372 0 −1 −1 scaled SU(2)
4 0.84769 1 1 −.53766 0.26077 −1 −1 Ku¨nzle
5 0.85237 0 3 −.67272 0.43953 1 −1
6 0.93774 1 2 −.63437 0.33228 −1 1 Ku¨nzle
Table 1: Properties of the lowest regular SO(3) solutions are given in the notation
of Ref. [12]. The ADM mass is obtained from the second column via Eq. (21) with
µ(∞) = 2µ˜(∞), the third and forth column give the number of nodes of the functions
u1 and u2 defined in Eqs. (22)-(23), the fifth and sixth column provide the expansion
coefficients of these functions as defined in Eqs. (24)-(25), and the seventh and eighth
column give the values of the functions u1 and u2 at infinity.
nodes
µ˜(∞) u1 u2 u1(x˜H) u2(x˜H) u1(∞) u2(∞)
1 0.70796 0 1 0.92330 0.90406 1 −1
2 0.82592 0 2 0.88653 0.84925 1 1
3 0.86855 1 1 0.89723 0.89723 −1 −1 scaled SU(2)
4 0.87410 1 1 0.89501 0.87557 −1 −1
5 0.85608 0 3 0.87481 0.83035 1 −1
Table 2: Properties of the lowest SO(3) black hole solutions are given for the horizon
xH = 1 = 2x˜H following the classification of Table 1. The ADM mass is obtained from
the second column via Eq. (21) with µ(∞) = 2µ˜(∞), the third and forth column give
the number of nodes of the functions u1 and u2 defined in Eqs. (22)-(23), the fifth and
sixth column provide the value of these functions at the horizon, and the seventh and
eighth column give the values of the functions u1 and u2 at infinity.
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Figure 1: The function K(x) is shown for the regular solution and for the black hole
solutions with horizons xH = 1, 2, 3 and 4 as a function of x.
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Figure 2: The function H(x) is shown for the regular solution and for the black hole
solutions with horizons xH = 1, 2, 3 and 4 as a function of x.
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Figure 3: The function µ(x) is shown for the regular solution and for the black hole
solutions with horizons xH = 1, 2, 3 and 4 as a function of x.
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Figure 4: The function A(x) is shown for the regular solution and for the black hole
solutions with horizons xH = 1, 2, 3 and 4 as a function of x.
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Figure 5: The mass fraction outside the horizon, µout, of the SO(3) black hole solutions
of Table 2 is shown as a function of the horizon xH. When the mass fraction within the
horizon, xH/2, is added, the ADM mass is obtained.
15
